Abstract. We study the differential geometric properties of the manifold of non-singular symmetric real matrices endowed with the trace metric; in case of positive definite matrices we describe the full group of isometries.
As an application, we determine and describe geometrically the full group of isometries of (Pn, g) and we interpret many isometries as suitable symmetries inside (Pn, g) (Section § 4). At first we determine the isometries of (SLPn, g) by using many arguments from the theory of symmetric Riemannian spaces and from the theory of Lie group representations; then the isometries of (Pn, g) are deduced from the de Rham decomposition of (Pn, g) as (SLPn × R, g × h).
After finishing this work, we have found a paper of Lajos Molnár, where he describes the isometries of the manifold of positive definite hemitian matrices Hn endowed with a class of metrics, which includes g (see [Molnár 2015] Thm. 3). Comparing this with our results, it follows that every isometry of (Pn, g) is the restriction of an isometry of (Hn, g).
Anyway our methods are different and should clarify the geometric descriptions and make explicit the links with the theory of symmetric Riemannian spaces and with the theory of Lie group representations.
Acknowledgement. We thank Fabio Podestà for many discussions about the matter of this paper and especially for his fundamental help in suggesting and clarifying to us the tools of the theory of Lie group representations, used in this paper.
Preliminary facts and recalls
1.1. Notations. In this paper, for every integer n ≥ 2, we denote -Mn = Mn(R): the vector space of real square matrices of order n; -Symn = Symn(R) (resp. Sym 0 n ): the vector subspace of Mn of symmetric matrices (resp. with trace equal to 0); -GLn = GLn(R) (respectively GL + n = GL + n (R) and SLn = SLn(R)): the multiplicative group of non-degenerate matrices in Mn (respectively with positive determinant and with determinant equal to 1); -GLSymn = GLn ∩ Symn = {A ∈ GLn / A = A T } (A T is the transpose of A);
-GLSymn(p) (0 ≤ p ≤ n): the set of matrices of GLSymn with signature (p, n − p); in particular GLSymn(n) and GLSymn(0) are respectively the sets of positive definite and negative definite matrices; we denote GLSymn(n) also by Pn;
-SLSymn(p) (0 ≤ p ≤ n): the set of matrices of GLSymn(p) with determinant (−1) n−p ;
we denote SLSymn(n) (the set of positive definite symmetric matrices with determinant 1) also by SLPn;
-Jp (0 ≤ p ≤ n): the block diagonal matrix diag(Ip, −In−p), where I h is the identity matrix of order h, with the agreement that Jn = In and J0 = −In;
-On (resp. SOn): the group of (resp. special) orthogonal matrices;
-On(p) (resp. SOn(p)), 0 ≤ p ≤ n: the subgroup of matrices A ∈ GLn (resp. A ∈ GL + n ) such that A JpA T = Jp (in particular, if p = n, then On(n) = On and SOn(n) = SOn);
-for every n ≥ 3, πn : Spinn → SOn: the universal covering of SOn.
For every connected Lie group G, we denote by Aut(G), by Inn(G) and by Out(G) = Aut(G)/Inn(G) the groups of automorphisms, of inner automorphisms and of outer automorphisms of G.
Since Spinn is compact, simply connected, simple Lie group, Out(Spinn) is isomorphic to the group of symmetries of the Dynkin diagram of its Lie algebra (see for instance [Wolf 2011] Thm. 8.11.3 and [Onishchick-Vinberg 1990] pag. 49). If n = 2m + 1 ≥ 3 the corresponding Dynkin diagram is Bm and if n = 2m ≥ 4 it is Dm (see instance [Wolf 2011 ] Thm. 8.9.12); as a consequence Out(Spin2m+1) is trivial for every m, while Out(Spin2m) ≃ Z2 for m = 4 and Out(Spin8) ≃ Dih3 (the dihedral group).
As usual the commutator of A, B ∈ Mn is [A, B] = AB − BA.
For every A ∈ GLn, A −T denotes the matrix (
For every 1 ≤ i, j ≤ n, E (i,j) denotes the matrix in Mn whose (h, k)-entry is 1 if (h, k) = (i, j) and 0 otherwise.
For every A ∈ Mn we denote the exponential mapping by e
We define a C ∞ -tensor g of type (0, 2) on GLn, by
(tr indicates the trace of a matrix). We call trace metric the metric induced by g and will denote by g also its restriction to every submanifold of GLn.
Finally, for every A ∈ GLn, we denote by ϕ, by ΓC , by ϕC (with C ∈ GLn) and by ψ the following mappings:
In particular, for every A ∈ GLn, we have:
and, if C ∈ GLSymn, then also ϕC has period 2 and ϕC (C) = C.
1.2. Remarks. We recall some facts which are know or easy to check.
a) The sets GLSymn(p) are the (n + 1) open connected components of GLSymn.
b) The mapping: (C, A) → ΓC(A) = CAC T , gives a left action of the group GLn on every
GLSymn(p).
The group GLn/{±In} acts effectively by congruence on every GLSymn(p). Indeed, arguing on the matrices E (i,j) + E (j,i) , on Symn it is simple to check that ΓC = Γ C ′ if and only if C = ±C ′ and this suffices to conclude, being Symn the tangent space to
GLSymn(p) at any point.
If A ∈ GLSymn(p), there exists a matrix C ∈ GLn such that ΓC(A) = CAC T = Jp. This implies that, for every p, both GLn and GL + n act transitively on GLSymn(p).
Moreover On(p) and SOn(p) are the isotropy subgroups at Jp with respect to these actions.
Hence GLSymn(p) is diffeomeorphic to both homogeneous manifolds GLn/On(p) and GL + n /SOn(p). In particular Pn ≃ GLn/On ≃ GL + n /SOn (see for instance [Warner 1983 ] Thm. 3.62). c) Since SLn acts transitively by congruence on SLSymn(p), as above we get that SLSymn(p) is a submanifold of GLSymn(p), diffeomorphic to the homogeneous manifold SLn/SOn(p). In particular SLPn ≃ SLn/SOn. d) An isometry between two Semi-Riemannian manifolds is a diffeomorphism between them preserving metric tensors. If ( M,ĝ) is any Semi-Riemannian manifold we denote by I( M,ĝ) the set of isometries of ( M,ĝ).
It is known that I( M,ĝ) has the structure of Lie group (see for instance [O'Neill 1983] Ch. 9 Thm. 32) and we will denote by I 0 ( M,ĝ) its connected component containing the identity.
We end this section by recalling the following
) is a homogeneous geodesically complete Semi-Riemanian manifold of signature ( n(n + 1) 2 , n(n − 1) 2 ), whose geodesics are the curves:
The Riemann curvature tensor of type (0, 4) of (GLn, g) at K is
) is a symmetric Semi-Riemanian manifold and among its isometries there are the congruences and the inversion ϕ. 
The Semi-Riemannian manifolds
An orthonormal basis with respect to gJ p of the tangent space
The time-like vectors are the vectors S (i,j) with 1 ≤ i ≤ p, p + 1 ≤ j ≤ n, the remaining vectors are space-like.
b) For every p = 0, · · · , n, the mapping A → −A is an isometry between the SemiRiemannian manifolds (GLSymn(p), g) and (GLSymn(n − p), g); in particular (Pn, g) and (GLSymn(0), g) are isometric Riemannian manifolds.
Proof. a) Let A ∈ GLSymn(p) and C ∈ GLn such that CAC T = ΓC (A) = Jp. Since
is homogeneous for any p = 0, · · · , n. Hence to prove that (GLSymn(p), g) is a SemiRiemannian submanifold of (GLn, g), it suffices to verify that g Jp is non-degenerate on TJ p (GSymn(p)) = Symn with the expected signature.
Since the set B is clearly a basis of the vector space Symn, it suffices to compute gJ p on the pairs of elements of B.
For every X = (xij), Y = (yij) ∈ Symn, standard computations allow to get:
. This formula allows to conclude part (a) by direct computations.
b) The assertion follows by trivial checks.
2.2. Proposition. Fix p ∈ {0, · · · , n}. The inversion ϕ and the congruences ΓC (C ∈ GLn) are isometries of (GLSymn(p), g).
If C ∈ GLSymn(p), then the isometry ϕC = ΓC • ϕ is the symmetry of (GLSymn(p), g)
Proof. The first part is trivial. For the second one it suffices to argue on the symmetry
2.3. Proposition. a) For any p = 0, · · · , n, (GLSymn(p), g) is a totally geodesic submanifold of (GLn, g) and its geodesics are precisely the curves of type t → Ke tC for every K ∈ GLSymn(p) and every
is geodesically complete.
The Riemann curvature tensor of type (0, 4) of (GLSymn(p), g) at K is
Proof. a) Remembering 1.3 (a), it suffices to check that Ke tC ∈ GLSymn(p) for every K ∈ GLSymn(p), for every C = K −1 V with V ∈ Symn and for every t ∈ R.
For, by standard properties of the exponential mapping: (Ke
) is a totally geodesic submanifold of (GLn, g).
2.4.
Proposition. For every p ∈ {0, · · · , n}, the Ricci curvature of (GLSymn(p), g) is
for every Q ∈ GLSymn(p) and for every X, Z ∈ TQ(GLSymn(p)) = Symn and the scalar curvature of (GLSymn(p), g) is
Given every matrix A, we denote by A h its h-th column. If A is symmetric, A h is the h-th row too. From 2.3 (b), by standard computation we get:
The basis B of 2.1 can be listed also by
From the previous formula, for all symmetric matrices X, Z we get:
For every symmetric matrix A = (aij) we have
Hence, by standard computations, if X = (xij ), Z = (zij) ∈ Symn we get:
Comparing this with the expression of 4RicJ (X, Z), we get that:
Hence:
Now let Q a generic matrix of GLSymn(p). We know that there exists a non-singular
Since ΓC is an isometry of (GSymn(p), g), it preserves Ric, i.e. for any X, Z ∈ Symn:
and this concludes the first part.
The scalar curvature S of (GLSymn(p), g) is constant, because this manifold is homogeneous. So it suffices to compute S at the point J. Now J ∈ TJ (GLSymn(p)) = Symn is a space-like vector (indeed gJ (J, J) = n), hence we have:
We have:
. Now from the expression of Ric, the latter is equal to:
.
2.5. Proposition. For every p = 0, · · · , n let us consider the set SLSymn(p).
) is a totally geodesic submanifold of (GLSymn(p), g), whose geodesics are the curves t → Kexp(tK −1 V ) for every K ∈ SLSymn(p) and every V ∈ Symn with
c) The inversion ϕ and the congruences ΓC with det(C) = ±1 are isometries of the symmetric manifold (SLSymn(p), g) and, for every Q, ϕQ is the symmetry fixing Q.
) is an Einstein manifold with Ricci tensor Ric = − n 4 g and with scalar
, by the well-known Jacob's formula, we have:
Hence: TQ(GLn) = Mn is the sum of its vector subspaces TQ(GLSymn(p)) = Symn and
Thus GLSymn(p) and SLn((−1) n−p ) intersect trasversally and therefore SLSymn(p) =
Of course TQ(SLSymn(p)) = {V ∈ Symn : tr(Q −1 V ) = 0} for every Q ∈ SLSymn(p).
With the same notations as in the proof of 2.4, for J = Jp, we have:
the restriction of gJ to TJ (SLSymn(p)) is non-degenerate with signature
, there exists a non-singular matrix C such that ΓC (Q) = CQC T = J. Hence det(C) = ±1 and ΓC is an isometry of (GLSymn(p), g), mapping SLSymn(p) onto itself and Q to J. We conclude that gJ and gQ have the same signature, for every Q.
b) By 2.3 (a), it suffices to check that Qe tC ∈ SLSymn(p) for every Q ∈ SLSymn(p), for every C = Q −1 V with V ∈ TQ(SLSymn(p)) and for every t ∈ R.
For, it suffices to compute det(Qe tC ) via the fact that tr(Q −1 V ) = 0.
c) The mappings in the statement are clearly isometries. If Q ∈ SLSymn(p), then ϕQ = ΓQ • ϕ is the expected symmetry of (SLSymn(p), g), fixing Q.
Hence, if X, Z ∈ TQ(GLSymn(p)) and RicQ is the Ricci tensor at Q of (GLSymn(p), g), we
have:
By part (b), the Riemann tensor of (SLSymn(p), g) is the restriction to SLSymn(p) of the Riemann tensor of (GLSymn(p), g). From the previous expression of RicQ(X, Z), we deduce that the restriction to TQ(SLSymn(p)) of the Ricci tensor of (GLSymn(p), g) coincides with the Ricci tensor of (SLSymn(p), g) at Q. Hence, if X, Z ∈ TQ(SLSymn(p)), by part (a), the Ricci tensor of (SLSymn(p), g) at Q is
Hence (SLSymn(p), g) is an Einstein manifold with Ric = − n 4 g and with
, with h euclidean metric on R.
. Proof. The mapping
We can easily check that F and F −1 are isometries (see also [Dolcetti-Pertici 2015] Thm. 4.2).
3. The Riemanniann manifold (Pn, g) 3.1. Proposition. a) (Pn, g) and (SLPn, g) are complete, simply connected, homogeneous, Riemannian manifolds with non-positive sectional curvature; moreover (SLPn, g) is an
Einstein manifold and (Pn, g) is isometric to the Riemannian product manifold SLPn ×R.
b) The Ricci curvature of (Pn, g) at any point Q is negative semi-definite and RicQ(X, X) = 0 if and only if X = λQ, for some λ ∈ R; the scalar curvature is − (n − 1)n(n + 2) 8 . c) (Pn, g) and (SLPn, g) are symmetric Riemannian manifolds and, for every point Q, the corresponding symmetry ϕQ has Q as unique fixed point.
d) (SLP2, g) is isometric to the hyperbolic plane H2 (endowed with Riemannian metric having curvature − 1 2 ), hence P2 is isometric to the Riemannian product H2 × R.
Proof. a) Except for the sectional curvature, the statement follows from the results proved in the previous Section.
By homogeneity, it suffices to compute the sectional curvature at point In, where, by 2.3, we have b) The assertion about the scalar curvature is in 2.5 (d).
Since Q is symmetric positive definite, there exists a nonsingular matrix C such that
Let X ∈ TQ(Pn) = Symn, then by proposition 2.4:
where 
and the equality holds if and only if λi = λj for every i, j, i.e. if and only if Y = λIn for some λ ∈ R, being Y diagonalizable. c) By 2.2 and 2.5, it suffices to prove the uniqueness of the fixed point and it is enough to check this for the case Q = In ∈ Pn, because of the homogeneity. Hence ϕI n = ϕ and so X ∈ Pn is a fixed point of ϕ if and only if X is orthogonal too, therefore X = In. Table 3 p. 315), hence (SLPn × R, g × h) is the de Rham decomposition of the simply connected complete Riemannian manifold (Pn, g) (see [Kobayashi-Nomizu 1963] IV Thm. 6.2).
3.3. Remark-Definition. Let M be an n × n real matrix, diagonalizable over R with (possibly repeated) eigenvalues λ1, · · · , λn, all strictly positive, and G ∈ GLn be a matrix
We denote by LOG(M ) the matrix G −1 diag(ln(λ1), · · · , ln(λn))G. Since ΓC is an isometry, we get:
Now the unique geodesic arc joining A and B is
Note that, by 3.3,
. This allows to conclude.
3.5. Remark. The description of the full group of isometries of (Pn, g) is in §4. For now we recall that inversion and congruences are isometries of (Pn, g), so GLn acts transitively by congruences on the Riemannian manifold (Pn, g) (remember 1.2 and 2.2).
Moreover it is possible to prove that for every pair A, B ∈ Pn there is a unique matrix X ∈ Pn such that ΓX (A) = B and that X is the geometric mean of the matrices A −1 and B, i.e. the midpoint of the unique geodesic joining A −1 and B in the manifold (Pn, g) (see for instance [Bhatia 2007] p. 11, pp. 106-107 and p. 206) . In particular the homogeneity of (Pn, g) can be obtained by means of congruences associated to positive definite matrices.
3.6. Proposition. Fixed a matrix U ∈ On, we denote:LU = {U Q ∈ GLn : Q ∈ Pn} and RU = {QU ∈ GLn : Q ∈ Pn}. ThenLU =RU and GLn = U ∈OnL U is a foliation of (GLn, g), whose leaves are isometric to (Pn, g) and totally geodesic in (GLn, g). foliations: GLn = Q∈Pn LQ = Q∈Pn RQ whose leaves are all isometric to (On, g) and totally geodesic in (GLn, g).
4.
The group of isometries of (Pn, g) 4.1. Lemma. Let G be a connected Lie group and G be its universal covering group. Then
Out(G) is isomorphic to a subgroup of Out( G).
Proof. For every α ∈ Aut(G) we denote byα : G → G the unique lift of α such that α(1 G ) = 1 G ; thenα is in Aut( G) and the mapping which associates to α the equivalence class ofα in Out( G) is a group homomorphism with kernel Inn(G).
4.2.
Proposition. Aut(SOn) ≃ SOn if n is odd and Aut(SOn/{±In}) ≃ On/{±In} if n = 8 is even, where the groups on the right act by conjugation.
Proof. The following arguments need some facts recalled in 1.1.
If n is odd, the result follows from the previous Lemma and from the fact that Out (Spinn) is trivial.
If n is even and different from 2, then Spinn is also the universal covering of SOn/{±In}.
If n = 8 too, by the previous Lemma, Out(SOn/{±In}) has at most two elements. Since any conjugation by elements of On \SOn is an outer automorphism of SOn/{±In}, then Out(SOn/{±In}) ≃ Z2 and this gives the assertion.
If n = 2, then SO2/{±I2} ≃ S 1 (the circle), Aut(S 1 ) = Out(S 1 ) ≃ Z2 (with elements the identity and the complex inversion) and so Out(SO2/{±I2}) ≃ Z2 and this allows to conclude as above.
) is an isometry if and only if there exists a matrix X ∈ GLn with det(X) = ±1 such that (with the notations of 1.1)
Moreover G fixes In if and only if the matrix X belongs to On.
Proof. The mappings ΓX and ΓX • ϕ with det(X) = ±1 are isometries by 2.5 (c).
For the converse, up to congruences with matrices of determinant ±1, we can assume that G fixes In. Indeed G(In) ∈ SLPn and so G(In) = BB T for some B ∈ GLn with
Let G be an isometry of (SLPn, g) fixing In, J be the group of isometries of (SLPn, g), Indeed it is well-known that SLn is a connected simple Lie group and the actions of SLn (if n is odd) and of SLn/{± In} (if n is even) are both effective.
From this we get that
Arguing on the matrices E (i,j) + E (j,i) and E (i,i) − E (j,j) for every i = j, we get that Since congruences by orthogonal matrices are linear isometries fixing In, we get the in-
0 . Since these manifolds have the same dimension and are connected, by theorem of invariance of domain, we deduce that
For a fixed χ ∈ J In , the previous equality gives: dχ ρ(SOn) dχ −1 = ρ(SOn). Hence there exists a unique automorphism α of ρ(SOn) such that:
Claim. There is Y ∈ On such that α(ρ(X)) = ρ(Y )ρ(X)ρ(Y ) −1 for every X ∈ SOn and so, by (*), we get (ρ(Y )
Indeed ρ(SOn) ≃ SOn if n is odd and ρ(SOn) ≃ SOn/{±In} if n is even.
Hence, when n = 8, the claim follows by 4.2.
The case n = 8 needs different arguments.
First of all, we note that F = ρ • π8 : Spin8 → ρ(SO8) is the universal covering of ρ(SO8); so the automorphism α ∈ Aut(ρ(SO8)) can be lifted to a uniqueα ∈ Aut(Spin8) such
As recalled in 1.1, Out(Spin8) is isomorphic to the dihedral group Dih3 and therefore it is the group of order 6 generated by elements δ and γ of order 2 and 3 respectively (see also [Fulton-Harris 2004] and [Lawson-Michelson 1989] for further details). In particular we can assume that δ is the equivalence class of the liftingτH of the conjugation τH in SO8 associated to a fixed matrix H ∈ O8 \ SO8 and γ is the equivalence class of an automorphismγ of Spin8 having the unit 1 ∈ Spin8 as unique fixed point in the fiber ker(F ) (see for instance [Lawson-Michelson 1989] Ch. 1 §8).
Therefore, up to inner automorphisms, we can assume thatα =τ k H •γ p with k = 0, 1 and
We prove that the unique admissible possibilities are k = 0, 1 and p = 0.
From (*) above, we deduce that dχ F (Z) dχ −1 = α(F (Z))) = F (α(Z)) for every Z ∈ Spin8
(up to inner automorphisms); this implies that F and F •α are equivalent representations of Spin8.
The cases k = 0 and p = 1, 2 are impossible because F , F •γ and F •γ 2 are non-equivalent. -if n is odd, then I(SLPn, g) is a Lie group with two connected components, with
-if n = 2 is even, then I(SLPn, g) is a Lie group with four connected components, with
) is an isometry if and only if there exist an isometry G : (SLPn, g) → (SLPn, g) and a matrix B ∈ GLn such that
Proof. By 3.1 (a) and 2.6, we have the isometry F : SLPn × R → Pn given by
G is a fixed isometry of (SLPn, g) and b is a fixed real number.
are isometries of (Pn, g). After denoting B = e b/(2 √ n) In, by standard computations, we get:
For the converse, let L be an isometry of (Pn, g). Since L(In) ∈ Pn, there exists B ∈ GLn such that L(In) = BB T and so H = Γ B −1 • L is an isometry of (Pn, g) fixing In.
Let us consider the differential: D = dHI n : TI n (Pn) → TI n (Pn) (remember that TI n (Pn) = Symn). We want to prove that D(In) = ±In. Since D preserves the Riemann tensor of (Pn, g) at In, D ′ preserves its restriction to TI n (SLPn), but this last restriction is the Riemann tensor of (SLPn, g) at In, because (SLPn, g) is a totally geodesic submanifold of (Pn, g) (remember 2.5 (b)).
Since SLPn is simply connected, complete and symmetric (remember (3.1)), by [Kobayashi-Nomizu 1963] VI Cor. 7.9, there exists a unique isometry G of (SLPn, g) such that G(In) = In and dGI n = D ′ .
Now we denote G ± (A, x) = (G(A), ±x) for every (A, x) ∈ SLPn × R. G ± (A, x) are isometries of (SLPn × R, g × h) such that G ± (In, 0) = (In, 0) and such that dG ± (In,0) = (D ′ × (±Id R )).
Easy computations show that dF (In,0) (V, x) = x √ n In + V for every x ∈ R and every V ∈ TI n (SLPn) = Sym -ϕ is the symmetry with respect to In;
-ψ is the orthogonal symmetry with respect to the hypersurface SLPn;
-ϕ • ψ is the orthogonal symmetry with respect to the geodesic R = {tIn : t ∈ R, t > 0} (i.e. the geodesic through In and orthogonal to SLPn). we conclude that every isometry of (Pn, g) is restriction of an isometry of (Hn, g).
